ALMOST GLOBAL EXISTENCE FOR EXTERIOR NEUMANN PROBLEMS 
OF SEMILINEAR WAVE EQUATIONS IN 2D 



SOICHIRO KATAYAMA, HIDEO KUBO, AND SANDRA LUCENTE 

Abstract. The aim of this article is to prove an "almost" global existence result for some 
semilinear wave equations in the plane outside a bounded convex obstacle with the Neumann 
boundary condition. 



1. Introduction 

Let O be an open bounded convex domain with smooth boundary in M. 2 and put := M? \ O. 
Let dp denote the outer normal derivative on d£l. 

We consider the mixed problem for semilinear wave equations in f2 with the Neumann boundary 
condition: 

{df - A)u = G(d t u,V x u), (t,x) E (0,oo) x ft, 

d u u(t,x) = 0, (t, x) G (0, oo) x dQ, , , 

u(0,x) = <fr(x), x G Q, ^ ' ' 

dtu(0,x) = ip(x), 

where eft and tp are C°°-functions compactly supported in £2, and G : R 3 — > M is a nonlinear 
function. We will study the case of the cubic nonlinearity with small initial data and obtain an 
estimate from below for the lifespan of the solution in terms of the size of the initial data. Here 
by the expression "small initial data" we mean that there exist m G N, s G K and a small number 
e > such that 

IHIh™+m(q) + llV'llif™.^) < £ > 
where the weighted Sobolev space H m ' s (Q) is endowed with the norm 

IMIfl-.. ( n) - E [0- + \x\ 2 )'\%<p{x)\ 2 dx. (1.2) 

|«|<m 

A large amount of works has been devoted to the study of the mixed problem for nonlinear wave 
equations in an exterior domain Q C W 1 for n > 3, mostly with the Dirichlet boundary condition. 
To our knowledge very few results deal with the global existence or the lifespan estimate for the 
exterior mixed problems of nonlinear wave equations in 2D; in [SSW11] the global existence for 
the case of the Dirichlet boundary condition and the nonlinear terms depending only on u is 
considered; in jK12j one of the authors obtained an almost global existence result for small initial 
data under the assumptions that \G(du)\ ~ (du) 3 , the obstacle is star-shaped and the boundary 
condition is of the Dirichlet type (see Remark 11.41 below for the detail). 

Here we will treat the problem with the Neumann boundary condition in 2D and obtain an 
analogous result to [K12] . However, because we have a weaker decay property for the solution to 
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the Neumann exterior problem of linear wave equations in 2D (see Secchi and Shibata [SS03J), 
we will obtain a slightly worse lifespan estimate than in the Dirichlet case. 

For simplicity, we assume that the nonlinear function G in (jl.ip is a homogeneous polynomial 
of cubic order. Equivalently, writing du = (dtu,V x u), this means that 

G{du) = ^2 g a ,/s,-y(d a u)(di3u)(d^u) (1.3) 

0<a</3<7<2 

with g a $ a G R and (d ,di,d 2 ) := (d t ,d Xl ,d X2 ). 

As usual, to consider smooth solutions to the mixed problem, we need some compatibility 
conditions (see |KK08| ). Note that, for a nonnegative integer k and a smooth function u = u(t,x) 
on [0,T) x U, we have 

d k t (G(du)) = [ u , dt u, . . . , d k+1 u], (1.4) 
where for C 1 functions (po,pi, ■ ■ ■ ,Pk+i) we put 

2 

G {k) [po,Pi, • • • ,Pk+i] = ^2 50,0,0^+1^2+1^3+1+ ^2 ^2 dofi^Pki+iPki+iidjPks) 

ki+k 2 +k 3 =k k\+k 2 +k 3 =k 7=1 

+ Y 9o,i3riPki+i{dpPk 2 ){diPk 3 ) 

k±+k 2 +k 3 =k l</3<7<2 

+ Y Y 9a,l3, 1 {daPk 1 )(d/3Pk 2 )(d 1 Pk 3 )- 

k!+k 2 +k-s=k l<a</3<7<2 

Definition 1.1. To the mixed problem (jl.ip we can associate the recurrence sequence {vj}j^* 
with Vj : £1 — > R such that 

vo = <p, 
vi = ip, 

vj = Avj-2 + G^~ 2 ^[v ,vi,. . .,Vj-i], j > 2, 

where N* denotes the set of nonnegative integers and G^ is defined as above (cf. (|1.4j) ). We say 
that (4>,tp,G) satisfies the compatibility condition of infinite order in ft for (jl.ip if<f>,ip G C°°(S7), 
and one has 

d v Vj(x) = 0, x G dfi 

for all j G N* . 

Our aim is to prove the following result. 

Theorem 1.1. Let O be a convex obstacle. Consider the semilinear mixed problem (jl.ip with 
given compactly supported initial data (</>, VO G C°°(0) xC°°(0) and a given nonlinear term G(du) 
which is a homogeneous polynomial of cubic order as in (jl.3|) . Assume that (<ft,ip,G) satisfies the 
compatibility condition of infinite order in fl for (jl.ip . 

Under these assumptions, there exist Eq > 0, m G N, s G R such that, if e G (0, £q] and 

IMIfr™+M(Q) + \\i>\\H^(n) < e, (1-5) 
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then the mixed problem (jl.ip admits a unique solution u G C°°([0,T £ ) x Q) with 



T £ > exp(C£- 1 ), 



(1.6) 



where C > is a suitable constant which is uniform with respect to e G (0, eo]- 

Remark 1.2. The only point where we require that the obstacle O is convex is to gain the local 
energy decay (see Lemma [7.51 below) . In general one can treat the obstacles for which Lemma 17.51 
holds. Unfortunately, for the Neumann problems in 2D, up to our knowledge it is not known if 
there exists non-convex obstacles satisfying such a local energy decay. 

Remark 1.3. One can ask if it is possible to gain a global existence result maintaining our 
assumption on the growth of G. In general the answer to this question is negative since the 
blow-up in finite time occurs for F = (dtu) 3 when n = 2. Indeed, it was proved in [G93] that for 
any R > we can find initial data such that the blow-up for the corresponding Cauchy problem 
occurs in the region |x| > t + R. This result shows the blow-up for the exterior problem with any 
boundary condition if we choose sufficiently large R, because the solution in \x\ > t + R is not 
affected by the obstacle and the boundary condition, thanks to the finite propagation property 
(see |KK12j for the corresponding discussion in 3D). 

In order to look for global solutions one could investigate the exterior problem with suitable 
nonlinearity satisfying the so-called null condition. 

Remark 1.4. If we consider the Cauchy problem in M 2 , or the Dirichlet problem in a domain 
exterior to a star-shaped obstacle in 2D, an analogous result to Theorem 11.11 holds with 



and this lifespan estimate is known to be sharp (see [G93] for the Cauchy problem and [K12| for the 
Dirichlet problem) . One loss of the logarithmic factor in the decay estimates causes this difference 
between the lifespan estimates (jl.6p and (jl.7p (see Theorem 1 2 . 1 1 and Remark 17. II below) . It is an 
interesting problem whether our lower bound (|1.6p is sharp or not for the Neumann problem. 



In this section we introduce some notation which will be used throughout this paper and some 
basic lemmas for the proof of Theorem 11.11 

Throughout the paper we shall assume G O so that we have \x\ > cq for x G £1 for some 
positive constant cq. We shall also assume that OcBi, where B r stands for an open ball with 
radius r centered at the origin of R 2 . Thus a function v = v(x) on Q vanishing for \x\ < 1 can be 
naturally regarded as a function on IR 2 . 

2.1. Notation. Let us start with some standard notation. 



T £ > exp(Ce- 2 ) 



(1.7) 



2. Preliminaries 



• We put (y) := a/I + \y\ 2 for y G R d with d G N. 
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• Let A = A(y) and B = B(y) be two positive functions of some variable y, such as y = (t, x) 
or y = x, on suitable domains. We write A < B if there exists a positive constant C such 
that A{y) < CB{y) for all y in the intersection of the domains of A and B. 

• The L 2 {Q) norm is denoted by || • [|^2 , while the norm || • ||^2 without any other index 
stands for || • 11^2(^2). Similar notation will be used for the L°° norms. 

• For a time-space depending function u satisfying u(t, •) G X for < t < T with a Banach 
space X, we put := sup 0<t<T \\u(t, -)\\x ■ For the brevity of the description, we 
sometimes use the expression \\h(s, y)\\LfL^ with dummy variables (s,y) for a function 
h on [0,t) x f2, which means sup < s<t \\h(s, OlUpf ■ 

• For m £ N and s £ 1, by H m,s (Q) we denote the weighted Sobolev space with norm 
defined by (|1.2p . Moreover H m (Q) and if m (R 2 ) are the standard Sobolev spaces. 

• We denote by C^°(0,) the set of smooth functions defined on $7 which vanish outside Br 
for some R > 1. 

Let yel. We put 

«>„(*, X) = (X)" 1 / 2 ^ - |5C|>-" + (t + kl)- 1 / 2 ^ - Ix))- 1 / 2 . 

This weight function will be used repeatedly in the a priori estimates of the solution u to 
We shall often use the following inequality 

w u (t, x)<(t + \x\)- x / 2 (mm{(x), (t - M)})- 1 / 2 , v > 1/2. (2.1) 

For v , k > we put 

W„, K (t,x) = (t+\x\) u (mm{(x),(t-\x\)}) K . 
Finally, for a > 1 we set 

n a = nnB a . 

Since O C B\, we see that Q a ^ for any a > 1. 

2.2. Vector fields associated with the wave operator. We introduce the vector fields : 

T :=d = dt, T 1 :=d 1 = d Xl , T 2 := d 2 = d X2 , T 3 := A := x\d 2 - x 2 d\. 
Denoting [A, B] := AB — BA, we have 

[r 4 ,<9 2 -A] = 0, i = 0,. ..,3, (2.2) 

and also 

[^,1^ = 0, i,j = 0,1,2, 
[r ,r 3 ] = o, 
[r 1 ,r 3 ] = r 2 , 
[r 2 ,r 3 ] = -ri. 

Hence, for i,j = 0,1,2,3, we have [Ti,Tj] = Ylk=o c ij^k with suitable constants c\y Moreover, 
for % = 0, 1, 2 and j = 0, 1, 2, 3 we also have [di,Tj] = Yl1=i d-ijdk with suitable constants d\y 
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we put d = (d ,d 1 ,d 2 ), d x = (d 1 ,d 2 ), r = (r ,ri,r 2j r 3 ) = (d, A) and r = (ri,r 2 ,r 3 ) = 

(d x ,A) = (V X ,A). The standard multi-index notation will be used for these sets of vector fields, 
such as d a = d^d^d^ 2 with a = (a , «i, a 2 ) and r 7 = Tq° • • • Ff with 7 = ( 7o , . . . , 73). 
For p > 0, k G N and functions vq = vq{x) and v\ = v\{x), we put 

A p , k [vo,vi] ■.= Y (IK-) p r^ |U- + IKr^v^olU- + ||(rf 7 ^i|U-); 
l7l<fc 

B p , h [vo,vi] := Y (IK-) p r 7 «ol|L- + IKr^v^iu- + HO'r^ilU-)- 

7 <k 

These quantities will be used to control the influence of the initial data to the L°° norms of the 
solution. 

Using the vector fields in T, we obtain the following Sobolev-type inequality. 
Lemma 2.1. Let v G Cg(f2). Then we have 

sM x \ l/2 H x )\< Y, H^ A ^IU 2 (n)- 

xeQ \a\+/3<2 
/3^2 

Proof. It is well known that for w G Cq(R 2 ) we have 



Ix^^lw 



0*01 < Y II^H| i2(R2) , xGM 2 (2.3) 



\a\+/3<2 



(see Klainerman |K185j for the proof). 

Let x = x( x ) be a nonnegative smooth function satisfying x( x ) = f or \ x \ — 1 an d x( x ) — 1 
for \x\ > 2. If we rewrite v as v = \v + (1 — x) v > then we have \ v G C^°(M?) and (|2.3|) leads to 

S up\x\V 2 \v(x)\ < Y \\ d % Af3 W\\L*{RZ) + \\(l-x)v\\L°o(ny 

xeQ H+/3<2 

By using the Sobolev embedding to estimate the last term, we arrive at 



sm V \x\ 1 I 2 \v{ x )\< Y II^A^|| L2(n) + Y \\ 9 >h* 

xeQ H+/3<2 |a|<2 



(«)■ 



/3^2 

This completes the proof. □ 

2.3. Elliptic estimates. The following elliptic estimates will be used in the energy estimates. 

Lemma 2.2. Let R > 1, m be an integer with m > 2 and v G H m {VL) such that d u v = on d£l. 
Then we have 

l|d>lli 2 (n) < ||Au|| HM -2(n) + ll^llHi«i-i(n K+1 ) (2-4) 

for 2 < \a\ < m. 
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Proof. Let x be a C^°(K n ) function such that x( x ) = 1 f° r \ x \ < R an d x( x ) = for \x\ > R + 1. 
We set v i = x« and «2 = (1 — x) u > so that v = v\ + V2- 

If we put h = Avi, the function v\ solves the elliptic problem 

Atij = h on Qr+i, 
d v v\ = on d£l, 
vi = on dB R+ i. 

From Theorem 15.2 of [ADN59j , we have 

hi\\m(si R+1 ) Z \\h\\Hi-2(n R+1 ) + \\vi\\ L z(n R+1 ) = ||Aui|| H j-2 (njm ) + \\vi\\mn R+1 ) (2-5) 
for I >2. Hence 

II<9>iIIl 2 (c) < ||Au|| J3 -|«|_2 (f2jR . +1 - ) + HVullHH-ajn^) + \\v\\ H \^(n R+1 ) 

< \\&v\\ HH -2 {nR+l) + \\v\\ H \ a \-l {QR+l) 

Now we consider i>2. Note that V2 can be regarded as a function in M 2 and we can write 
11^x^2 1| z,2(f}) = || 1 1 £,2 nji2). Let us recall that llc^wll^^n) < || Azu|| Z/ 2( R n) for any w G H 2 (M. n ) 
and \/3\ = 2. Writing a = (3 + 7 with |/3| = 2 and I7I = |a| — 2, we have 

II<9>2||l2(Q) ^ l|A9>2||L2(R2) < ||AV 2 || // | Q |-2 (R 2 ) 

< ||A-y|| H | a |-2( n ) + \\v\\ H H-i(Q R+1 y 
Combining this inequality with the estimate for v%, we find (|2.4p . □ 

2.4. Decay estimates for the linear wave equation with Neumann boundary condition. 

Given T > 0, we consider the mixed problem 

(a 2 -A)n = /, (t, x) G (0, T) x f2, 

$,u(t, z) = 0, (t, x) G (0, T) x g 

it(0, x) = uq(x), if!!, 
(dtu)(0,x) = ui(x), x £ £1. 

It is known that for u G H 2 (U), m G JET^fi) and / G C 1 ([0, T); L 2 (Q)) , the mixed problem (gjj)) 
admits a unique solution 

2 

UG p^([0,T);H 2 -J'(n)), 

j=0 

provided that (uo,Ui,f) satisfies the compatibility condition of order 0, that is to say, 

d u u (x) = 0, x£dn (2.7) 

(see [168] for instance). Under these assumptions for uq := (uq,ui), the solution u of (|2.6p will 
be denoted by S[uq, f](t, x). We set K[uo](t, x) for the solution of (|2.6p with / = and L[f](t, x) 
for the solution of (|2.6p with uq = (0,0); in other words we put 

K[u ](t,x) := S[u ,0](t,x), L[f](t,x) := S[(0, 0), f](t, x) 

so that we get 

S[u ,f](t,x) = K[u ](t,x) + L[f](t,x), 
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where K [uq] and L[f] are well defined because both of (no, u%, 0) and (0, 0, /) satisfy the compati- 
bility condition of order 0. In order to obtain a smooth solution to (|2.6p . we need the compatibility 
condition of infinite order. 

Definition 2.1. Suppose that uq, ui and f are smooth. Define Uj for j > 2 inductively by 

Uj {x) = An i _ 2 (x) + (dt 2 f)(0,x), j > 2. 

We say that (uo,ui,f) satisfies the compatibility condition of infinite order in £1 for (|2.6p . if one 
has 

d u Uj = on dQ, 

for any nonnegative integer j. 

We say that (uo,ui,/) G X(T) if the following three conditions are satisfied: 

. («o, Ul ) Gc °°(n) xc^m, 

• / G C°°([0,r) x U); moreover, f(t, •) G C§°(fi) for any t G [0,T), 

• (uo,ui,f) satisfies the compatibility condition of infinite order. 

It is known that if (u ,^i,/) G X(T), then we have S[u , f] G C°°([0,T) x O) (see [168] for 
instance). 

The following decay estimates play important roles in our proof of the main theorem. 

Theorem 2.1. Let O be a convex set and k be a nonnegative integer. Suppose that S = (u*o, f) = 
( Uo ,uxJ)eX(T). 

(i) Let \x > 0. Then we have 

Y |r 5 S[~](i,x)| <^ 2+/t , 3+fc [no] + log(e + t) £ IHi/I^Wa.i+^Ca,!/)^/^^)^-.^ (2.8) 

\6\<k \6\<3+k 
for (t,x) G [0,T) x O. 

(ii) Let < ry < 1/2 and u > 0. T/zen we /iaue 

>W'' x) E |r^[s](t,x)| < 

l<5|<fc 

<^ 2+Atife+4 [n ]+log 2 (e + t+|x|) Y \\\v\ 1/2 Wi,i(s,y)r s f(s,y)\\ LrLS , (2.9) 

|5|<fc+4 

w-f 2 {t,x) Y \T S dS[Z](t,x)\< 
\8\<k 

<^ 2+At ,fe+4[no]+log 2 (e + t + |x|) \\\y\ 1/2 Wi,i +fl (s,y)T 5 f(s,y)\\ LrL? o (2.10) 

|5|<fc+4 

for (t, x) G [0, T) x H. 
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(iii) Let < rj < 1 and /i > 0. Then we have 
wTl n (t,x)'£ i \T s dd t Sm,*)\Z 

\5\<k 

<A 2+fl ,k +5 [uo}+log 2 (e + t + \x\) Hll/| 1/2 ^i,i(*iI/) r '/(a,y)IUrLS> (2.11) 

|<5|<fc+5 

for (t, x) G [0, T) x fi. 

We will prove Theorem l2.1l in Section [7] below, by using the so-called cut-off method to combine 
the corresponding decay estimates for the Cauchy problem with the local energy decay. 

3. The abstract argument for the proof of the main theorem 

Since the local existence of smooth solutions for the mixed problem (jl.ip has been shown by 
[SN89J (see also the Appendix), what we need to do for showing the large time existence of 
the solution is to derive suitable a priori estimates: following [SN89], we need the control of 
||«(£)||if9(fi) + ||9tw(£)||jj8(fi) for the solution u. 

Let u be the local solution of (jl.ip . assuming (|1.5j) holds for large m G N and s > 0. Let 
T* be the supremum of T such that (jl.ip admits a (unique) classical solution in [0, T) x f2. For 
< T < T* , a small rj > 0, and nonnegative integers H and K we define 

£ h ,k{t)= E IK72 r7 ^lk^ + £ ||a^>||^ 

\l\<H-l l<j+\a\<K 

+ E \\( s )- 1/2 r s du(s,y)\\ L¥Ll + E || <«>- (1/ * ) - 1, r*«u(«,i/)||x S ?^ 

\5\<K-2 \8\<K-8 

+ E \\(sr 2r, r s du(s,y)\\ L¥Lfi + E lir^H^^. 

|<J|<JC-14 |<5|<i<:-20 

We neglect the first sum when H = 0. Similarly we neglect summations taken over the empty 
set as K varies. We also put 

£h,k(0) = hm S H>K (T). 

T->0+ 

Observe that £h,k(0) can be determined only by tfi, tp and G and that we have 

£h,k(0) < \\<j>\\iP"+i,<(n) + IIV'IIh^(Q) 

for suitably large m G N and s > depending on H and if. From (|1.5p for such m G N and 
s > 0, we see that £h,k(0) is finite. The previous inequality can be obtained combining the 
embedding H r (£l) L°°(Q) for r > 1 with the trivial inequality ^3/) < (x)\d\f\ + {x)\&2f \ and 
the equivalence between Yl\ a \<m \\(') s ^x /Wl 1 ^ an< l IK') s /ll-f/ m (o)- I n order to optimize m or s it 
is possible to use sharpest embedding theorem in weighted Sobolev spaces proved for example in 
PL04] . 

Our goal is to show the following claim. 
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Claim 3.1. We can take suitable H and K and sufficiently large m and s, so that there exist 
positive numbers C±, P and Q and a strictly increasing continuous function 1Z : [0, oo) —> [0, oo) 
with K(Q) = such that if £h,k(T) < 1, then 

£h,k{ t ) <Cie + U {£^ K {T) log Q (e + T)) (e + E h ,k{T)), (3.1) 

provided that fjl .5() holds with e < 1. Here C±, P, Q and 1Z are independent of e and T. 

Let us explain how from (|3.ip we can gain the lifespan estimate. Suppose that the above 
claim is true. If we assume (|1.5j) for some m and s which are sufficiently large, then, as we have 
mentioned, there exists C* > such that £h,k(0) < 2C*e. We may assume C* > max{Ci,l}. 
We set eo = min{(2C*) -1 , 1} and suppose that < e < so, so that we have e < 1 and 2C*e < 1. 
We put 

r„(e) := sup{T G [0,T*) : £jr,j<-(r) < 2C*e} . 
In particular, for any T < T*(e), we have £h,k(T) < 1. From (|3.ip with T = T*(e), we get 

(^(e)) < C,e + ft ((2CU) p log Q (e + T*(e))) (3C,e). 

We are going to prove 

K({2C*e) p \og Q (e + T*))>-^ (3.2) 
by contradiction. Suppose that T* satisfies 

K((2C*e) p \og Q {e + T*)) < i (3.3) 

Since I*(e) < T*, and ft is an increasing function, we obtain 

£h,k (T*(e)) < 7 -C*e<2C*e. 

Therefore we get = T* , because otherwise the continuity of £h,k(T) implies that there 

exists T > T*(e) satisfying £h,k(T) < 2C*e, which contradicts the definition of T*(e). However, 
if 7*(e) = T*, and -ff, -RT are sufficiently large, we can prove 

hh~HHn) + \\dtu\\ L ~ H s {Q) < e + (1 + T*)£ HtK {T*) (3.4) 

= e + (1 + T4e))£ H ,K (T*(e)) < e + (1 + T*( £ ))2C»e, 

and we can extend the solution beyond the time T* by the local existence theorem, which con- 
tradicts the definition of T*. Therefore (|3.3p is not true, and we obtain (j3.2|) . This means that, 
for any e < eq, there exists C > such that 

T* > exp{Ce~ p / Q }. (3.5) 

It remains to show (|3.4p . It is evident that 

IMU« # 9 (fi) + \\dtu\\L™H*(n) ^ IMIl^l* + £o )9 (T*). 
In order to estimate H^H^oo £,2 we will use the expression 

u(t, x) = u(0, x) + / dtu(r,x)dT, 
Jo 
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which leads to 

\\u\\ L ~V n <e + T*£ 0>1 (T*). 

As a conclusion, we obtain (|1.6p . once we can show that Claim l37Ll is true with P = Q = 1. 
This will be done in the next three sections. 

4. Energy estimates for the standard derivatives 

In this section we are going to estimate ||^<9"u|| L oo L 2 for j + \a\ > 1. In the first subsection, 
we consider the case where j > and |a| = 1. This can be done directly through the standard 
energy inequalities. In the second subsection, the case where j > 1 and \a\ > 2 will be treated 
with the help of the elliptic estimate, Lemma 12.21 In the third subsection, we consider the case 
where j = and \a\ > 2. Lemma 12.21 will be used again, but this time we need the estimate 
of ||u||_L|?L2(f7 fl+1 ) for some R > 0, which is not included in the definition of £h,k(T). Since we 
are considering the 2D Neumann problem, it seems difficult to use some embedding theorem to 
estimate [|u||.L§F.L 2 (n R+1 ) by \\^xu\\L^H k (n) with some positive integer k. Instead, we will employ 
the L°° estimate, Theorem I2.lt f° r this purpose. 

4.1. On the energy estimates for the derivatives in time. First we set 

E(v;t) = l [ {\d t v(t,x)\ 2 + \V x v(t,x)\ 2 }dx 

for a smooth function v = v(t,x). 

Let j be a nonnegative integer. Since dt commutes with the restriction of the function to dil, 
we have d u cP t u{t,x) = for all (t,x) E (0,T) x d£l. Therefore, by the standard energy method, 
we find 

^-E{d{u;t) = [ d{(G(du)){t,x)di +1 u(t,x)dx. 
Recalling the definition of £h,k(T), for j + \a\ > 1 we have 

\divy(t,x)\ < w 1/2 (t,x)S j+ \ a \ fi {T), xen,te [0,T). (4.1) 
Applying (|4.ip and the Leibniz rule we find 

jE{4u;t) < lki/ 2 (i)ll!-4 /2]+1 ,o(r)E / \d?du(t,x)\ \&> +l u{t,x)\dx. 

It is also clear that if j + |a| > 1, one has 

\\didy{t)\\ Ll <£ 0J+H (T), t€[0,T). 

This gives 

j t E(d{u;t) < ||^ 1/2 (i)||!^fg /2]+liQ (T)£ 2 )i+1 (r). 
Since £h,k{T) is increasing in H and K, we get 

jE(dlu;t) < \\w l/2 (t)\\l^ /2]+w (T). 
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As a trivial consequence of (|2.ip . we find Wi/ 2 (t,x) < (t) 1 / 2 , so that 

j t E(diu;t)<(t)-^ /2]+w (T). 

After integration this gives 

j j 

E H^V*)^ + E \\d l ^Mt)\\ L l < S s+1 (0) + £f +l (T) log^ie + t) (4.2) 

1=0 1=0 
for any j > and t G [0, T), where 

£ S (T) = £[( s -i)/2]+i, s (T) 

for any integer s > 0. 

4.2. On the energy estimates for the space-time derivatives. Since the spatial derivatives 
do not preserve the Neumann boundary condition, we need to use elliptic regularity results. 
We shall show that for j > 1 and k > it holds 

E \\d(dy(t)\\ Lh <£ j+k (Q) + £* +k (T) logV 2 (e + T)+f| +fe _ 1 (T) (4.3) 

\a\=k 

with £ S (T) = £[(s_i)/2]+i,s( T ) as before. 

It is clear that (j4.3|) follows from ()4.2p when j > 1 and k = 0, 1. 

Next we suppose that (|4.3p holds for j > 1 and k < I with some positive integer I. Let \a\ = l + l 
and j > 1. Since |a| > 2, we apply to d^u the elliptic estimate (Lemma I2.2p and we obtain 

\\d«d}u(t)\\ < \\Ad{u(t)\\ Hl - 1{Q) + \\d}u(t)\\ Hl{n) . 

By (|4.3p for k < I, we see that the second term has the desired bound. On the other hand, using 
the fact that u is a solution to for the first term we have 

[|A^«(*)|| Hl - 1(n) < H +2 u(t)\\m-Hn) + \\di(G{du))(t)\\ H i-Hny 
Since (j + 2) + (/ — 1) = j + 1 + 1, it follows from (|4.3p for k = I — 1 with j replaced by j + 2 that 

||^ +2 n(t)||^- 1(n) < £ i+I+ i(0) + Sj +l+1 (T) IogV2( e + T) + £* +l (T), 
which is the desired bound. Finally, observing that Wi^ifiX) < 1, we get 

[|$G^dii)(t)||tf- 1(n) < E ll^«(*)llig" E Wu{t)\\ Ll <£* +l (T). 

l<l/3|<[(i+i-l)/2]+l l<M<J+« 

Combining these estimates, we obtain (|4.3p for j > 1 and k = 1 + 1. This completes the proof of 
(IPD for j > 1 and k > 0. 
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4.3. On the energy estimates for the space derivatives. Our aim here is to estimate 
[|9£ l it[|i,oo£ ( 2 f° r l a l = k — 1- The estimate for k = 1 is included in (|4.2p . Let us consider 
the case \a\ = k > 2. Let us fix R > 1. The elliptic estimate (|2.4p gives 

E \\9x u \\l^lI ~ ll^ u lli5?H*- 2 (n) + IkllLff^-i^fl+i) 
|a|=fc 

< \\dt u \\L°?Hk- 2 (Q) + \\G(du)\\ L ^ H k-2^ + \\u\\ L ^ H k-i( nR+1 y 

The first term can be estimated by (|4.3|) and we get 

||^«IUc ? ^_ 2(n) < f fc (0) + £ 2 k {T) logV^g + T ) + f|_!(T). 
For the second term, we obtain the following inequality as before: 

||G(a u )|| L o ?fffc - 2(n) <^ 3 _ 1 (T). 

As for the third term, we get 

\\ u \\L^H"-i(n R+1 ) < X] ll^lU^i 2 ^^) + IMIl-l^+x) 

l<|/8|<fe-l 

^ X] ll^lli??^ + l|w||i§?i-(nfl +1 )- 

l<|/8|<fe-l 

Now we fix fj, 6 (0, 1/2) and use (|2.8p with fc = to obtain 

||«IU5?^ <^,3[W]+log(e + T) J] [| <i/> 1/2 ^1,1+^(3, y)r* (Gf(a«)) (a, j/) (4.4) 

|5|<3 

By using (|2.1[) . for any s 6 [0, T) we have 

E |r 5 G(9n)( S ,y)| < (a + M)' 3 / 2 (min{(y), <|„| - s)})^' 2 £ 3 (T). 
|<5|<3 

This implies 

E |iyi i /v 1 , 1+/i ( S , 2/ )r 5 (G'(^))( S , 2 /) rooroo <4o(n 

|5|<3 

and (|4.4p gives 

£ -42+m, 3 [0, ^] + £f,o( r ) log(e + T). (4.5) 
Summing up the estimates above, for \a\ = k > 2, we get 

E H^lli-^ <^2 +M , 3 [^, + ffc(0) + f|(T) log 1/2 (e + T) + £l_ x {T) + £| >0 log(e + T) 

|a|=fc 

l<|a|<fc-l 
Finally we inductively obtain 

E II < ^2 +M , 3 [0, V>] + ffc(0) + ^ 2 (T) log 1/2 (e + T) + ^(T) + £f,oCn log(e + T) 

|a|=fc 
for > 1. 
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4.4. Conclusion for the energy estimates of the standard derivatives. If m and s are 

sufficiently large, (|1.5p and the Sobolev embedding theorem lead to 



Summing up the estimates in this section, we get 

E S e + £k( T ) lQ g 1/2 (e + T) + £ 3 K (T) log(e + T) (4.6) 

for each K >7. 

5. ON THE ENERGY ESTIMATES FOR THE GENERALIZED DERIVATIVES 

Throughout this section and the next one, we suppose that K is sufficiently large, and we 
assume that £r{T) < 1. 

5.1. Direct energy estimates for the generalized derivatives. Let \8\ < K — 2. Recalling 
(pT2j) . it follows that 

^-£(r*u;t) = / T s G(du)(t,x) d t T 5 u(t,x)dx 

+ / v ■V x T S u(t,x)d t T S u(t,x)dS =: I s (t) + II s (t), (5.1) 

where v = v(x) is the unit outer normal vector at x G c?fi and ciS 1 is the surface measure on d£l. 
Since G(du) is a homogeneous polynomial of order three, we can say that 

\T s G(du) d t T s u\ < E \T 5l du\ 2 E \T S2 du(t,x)\ 2 . (5.2) 

|<5d<[|<5|/2] |<5 2 |<|<5| 
Applying the Holder inequality and taking the L°° norm of the first factor, we arrive at 

W)\ Z (*> _1 ^[/2]+i,o(r) (t)£o,K(T) < £lc(T), (5.3) 

since \S\ < K - 2. 

Now we treat the boundary term, by means of the trace theorem. Since d£l C B\, the norms of 
the generalized derivatives on d£l are equivalent to the norms of the standard derivatives. Hence 
for all t £ (0, T) we have 

\n s (t)\ < E \\d k t d2u{t)\\l* m - 

l<M+fc<|<S|+l 

Moreover, by the trace theorem and (|4.6p . we see that 

\n s (t)\ < E ll^>WII^ £ (^ + ^o(^(T)iog 1 / 2 (e + r))^(r)' 2 

l<|7|+fc<|5|+2 

because of the assumption \8\ < K — 2. Here we put 

Uq{s) = s + s 2 . 
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Summarizing the above estimates, for any K > 7 and \5\ < K — 2, it holds 

j t E(T 5 u;t) < (e + K Q {£ K {T)log l /\e + T))£ K (T)) 2 + 4(T) 

< (e + Ko(S K (T) log 1 / 2 ^ + T))S K (rf 
For the last inequality, we recall that £k(T) < 1. After integration, this gives 

2 llr^nWH^ <^(0) + ^ 2 (W ^o(^(T) log 1 / 2 ( e + T))S K {T)^ 

\8\<K-2 

< (if 2 (e + T^M^log^e + r))^)) • (5-4) 



5.2. Refinement of the energy estimates for the generalized derivatives. Let 1 < \5\ < 

K — 8. Since d£l is a bounded set, it follows from (15.11) that 



\II 5 (t)\ <\\T s d t u(t)\\ E \\^v xU {t)\\ L2(dQ) 

M<l<5| 

< e ii9 7 ^)ii L oo (m) E n a7v 

i<M<<5 ItI<I*I 
Since we have |z| < 1 for x 6 90, we get + t) ~ (i) ~ (|x| — i) for x £ dd. In particular 
we get supa-gQQ w u (t, x) < (t)~ u for < v < 1. We fix sufficiently small and positive constants 
< rj < 1/4 and /j, > 0. Applying the pointwise estimates (|2.9[) and (|2.1ip in Theorem 12.11 we 
get 

\m)\ < (i)- {3/2)+ "iog 4 ( e +i) (^ +Mi |,| +4 [0,v] +4, +4 w) - 

where 

A(t)= E || li/| 1/2 w r li i( a ,3/)ry (Gf(au)) 

|7|<« 

If m and s are sufficiently large, by the Sobolev embedding theorem we have A 2+jLt ui+4 [0>"0] ^ £ 
and we obtain 

W)l < (t)- (3/2)+ " log 4 (e + t) (e 2 + 4, +4 (t)) . (5.5) 
In order to estimate A\g\ +4 (t), we argue as in (|5,2p . so that 

E \^G(du)( S ,y)\ <w 2 1/2 ( Sl y)£f m+4)/2]+lfi (T) E 1^'^^, 

|7|<|<5|+4 l7'l<l<5|+4 

Now using (|2.1|) and applying Lemma |2. II to estimate |r 7 'du|, we obtain 

| 7 |<|<5|+4 l7l<|5|+6 

which yields 

^|+4(*)<^(T) E \\^du(s,y)\\ Lr Ll (5-6) 

|7|<|<5|+6 

because we have + 4)/2] < [(if - l)/2] for \6\ < K - 8. Observing that 

E \\^du{s,y)\\ LrLl <(t) l l 2 £ K {T) 
| 7 |<|5|+6 
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for \5\ < K — 8, we see from (|5.5p and (|5.6p that 

\m)\<(tr [1/2)+2r > {e 2 +s 6 K (T)). 

Moreover for |<5| < K — 8 the inequality (|5.3p can be improved as 

\h{t)\ < {t)- x 8f W2]+lfi {T) (it) 1 ' 4 ** SojcWf < {t)-lW+*>S&iT). 
Coming back to (|5.1|) . one can conclude from the assumption £k{T) < 1 that 

E ii r5 ^(*)ik s ^(o) + (t) (1/4)+ "(^+4'(T)) 

l<|<S|<K-8 

< (t)(V4)+^ e + 5 2 r(r)) (57) 

Next step is to improve this estimate for lower \S\ in order to avoid the polynomial growth in 
t. Let 1 < \8\ < K - 14. From (JED and the definition of £ K {T) we get 

From (|5.5p . it follows that 

< (t)-^(e 2 +S%(T)). 
On the other hand, for \S\ < if — 14 it holds 

1^)1 < (tr l £$ m+ ijo<X) ((t) 2v £o,k(T)) 2 < (t)- 1+4 ^|(T). 
Summing up these estimates and integrating (|5.1|) . we get 

E H r ^)H^ <{t) 2r >{e + Sl{T)). (5.8) 

l<|5|<-f£T-14 

We repeat the above procedure once again with 1 < \8\ < K — 20. Being |5| + 6 < K — 14, 
from (|5.6|) we have A\ S \ +4 (t) < {t) 2ri S^T). In turn this implies 

W)l < (t)- (3/2)+?? iog 4 (e + t)( e 2 + (t) 4 ^|(r)) 

< {t )-^^ (e 2 + £%(T)) . 
In this case Is(t) < {t)- x £%{T). After integration we get 

E H r ^)H^ < £K(U)+£ 2 K (T)\oe /2 {e + t) + e + £UT) 

1<\&\<K-2Q 

< e + E 2 K {T)\ogV 2 {e + t). (5.9) 
This estimate is the best we can obtain with our methods due to the estimate of I&(t). 
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6. BOUNDEDNESS FOR THE L°° NORM AND THE CONCLUSION OF THE PROOF OF ThEOREM I1.1I 

Summarizing (jlUj) . ([5lD . (f57T|) . ([5^) . ([5U]) we have 

£o,k(T) < e + n (£ [{K -i)M+iM T ) lo g V2 ( e + T))£ [{K _ 1)/2]+1 ^ K {T) (6.1) 

with K > 20 and 7^(s) = s + s 2 . If £ H ,o( T ) with # = [(# ~ l )/ 2 \ + 1 has the same bound of 
£o,k(T) given in (|6.ip . then we conclude that the estimate (|3.ip in the Claim I3TT1 holds for P = 1 
and Q = 1/2, and hence T* > exp((7e _2 ). However, T^o (and hence Q) will be changed due to 
the following argument. Such a modification yields a worse estimate for the lifespan. 

Since we assume <p, ip S C^°(f2), there is a positive constant M such that \x\ < t + M in 
suppu(t, •) for i > 0. Hence we have log(e + t + |x|) < log(e + t) in suppu(i, •). 

From (|5.6p and the definition of £k{T), it follows that A^i+^i) < £%{T) for K > 26 and 
|5| < if — 26. Let [i > 0. Then we have »42+^,_ft"-22[</ , ) V'] ^ e if 771 and s are sufficiently large. For 
fixed < -q < 1/2, by fl!T9j) . we obtain 

^ |r^(t,x)| <0( £ ,t)«; (1/2) _„(t,x) 

|7|<K-26 

where 

S(M) :=e + log 2 (e + t)£% (T). 

Using this estimate, we obtain 

|r 7 G(<9u)(t, x)\ < w 2 /2 (t, x)£f {K _ 1)/2]+lfi (T)w il/2) _ v (t, x)B(e, t). 

\-y\<K-2Q 

Since {y^^wi^-r/ ^5 1) this implies 

A mA (t)<£ 2 K (T)B(e,t) 
for any \5\ + A < K — 26. Therefore, (pTOjl in Theorem l2Tl yields 

\ndu(t,x)\ < {e + B(e,t)£ 2 K (T)log 2 (e + t))w 1/2 (t,x). 

\~f\<K-30 

For K > 61 we have \{K — l)/2] + 1 < K — 30, and we conclude that 

2 H^r^lU-L- <e + i3( £ ,t)4.(T)log 2 (e + T). (6.2) 
M<[(^-i)/2]+i 
Finally, we combine ()6. 1 j) and (|6.2p to obtain 

£k{T) <e + {e + £ k {T))x 

x (^(T) log 1 / 2 (e + T) + £ 2 K (T) log 2 (e + T) + 4(T) log 4 (e + T) 

In order to find 

£k(T) <de + n (f£(T) log Q (e + Tj) (e + £ K (T)) 
with as larger P/Q as possible, we take 

U{t) := C 2 (t + r 2 + r 4 ) 
and P = Q = 1. Recalling the discussion in Section [31 we obtain Theorem 1 1.1 1 
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7. Proof of pointwise estimates 

In this section, we go back to the Neumann problem (j2.6j) and will prove Theorem 12.11 by 
combining the decay estimates for the Cauchy problem in M. 2 and the local energy decay estimate 
through the cut-off argument. 

7.1. Decomposition of solutions. Recall the definitions of X(T) and S[uq, f](t, x), K[uo](t, x), 
L[f](t,x) in Subsection 12. 41 In the same manner, the solution of the Cauchy problem 

(<9 t 2 -A)v = g (t, x) 6 (0, T) x M 2 , 

v(0,x) =vo(x), x£R 2 , (7.1) 
(d t v)(0,x) = vi(x), x£R 2 , 

will be denoted by So[vq, g](t, x) with vq = (vo,v\). Then we have 

So[vo,g](t,x) = K [v ](t,x) + L [f](t,x), 

where Ko[vo](t, x) and Lo[g](t, x) are the solutions of (|7.ip with g = and vq = (0, 0), respectively. 
In other words, Kq [vo] (t, x) = So[vo, 0}(t, x) and Lo[g](t,x) = So[(0,0),g](t,x). 

Now we proceed to introduce the cut-off argument. For a > 0, we denote by ip a a smooth 
radially symmetric function on R 2 satisfying 



\ipa(x) = 0, \x\ < a, 
\ip a (x) = 1, \x\ > a + 1. 

Lemma 7.1. Fix a > 1. Let (uo,ui,f) E X(T). Assume that for any t G (0,T) one /ias 



(7.2) 



suppf(t,-) C ^t+a a^d suppuo C f2 a , suppui C f2 a . 

T/ten we /lave 



5p ,/](t,x) = 1pa(x)S [lp 2 aU0,'4>2af](t,x) + ^ Si[u , f](t,x), (7.3) 



t=l 



where 



Sx[u ,m,x) = (1 - ^ 2a (x))LHip a ,-A]S [i; 2a u ,if>2af}}(t,x), (7.4) 
S^Uo,/]^) = -L [ [ip2a, -A]L[ [-0 a , -AjSoh^a^o, -02a/]]] (M), (7.5) 

S 3 [n , X) = (1 - V3a(z))S[(l - V<2aK, (1 " ^2a)/](*, *), (7-6) 

S 4 [n , X) = -L [ [^ 3 a, -A]5[(l - ^2a)no, (1 - ^«)/]](t, (7-7) 

For the proof, wc refer to [K07J. 

Observe that the first term on the right-hands side of (|7.3p can be evaluated by applying the 
decay estimates for the whole space case. In contrast, the local energy decay estimates for the 
mixed problem work well in estimating Sj[uo, f] for 1 < j < 4, because we always have some 
localized factor in front of the operators L, S and in their arguments. 



18 



S. KATAYAMA, H. KUBO, AND S. LUCENTE 



7.2. Known estimates for the 2D linear Cauchy problem. In this subsection we recall the 
decay estimates for solutions of homogeneous wave equation. Since AKq[vo,vi] = Kq[Avo, Av\] 
by (|2.2p . we find that Proposition 2.1 of [Ku93| leads to the following. 

Lemma 7.2. Let m G N. For any (v ,Vi) G Cg°(IR 2 ) x Cg°(K 2 ), it holds that 

(t + M^log-ife + l^j) Yl |r^oh^l](t^)|<% 2 , m bo^l]. (7.8) 

V [ lXl)J \l3\<m 

Under the same assumption, for any \x > we have 

(* + | x |)V2 (i _ | x |)i/2 J- |r^oN^i](i,x)| <0 2+ftm h,^i]. (7.9) 

|/3|<m 



For k > 1 and r > 0, we define 
The following two lemmas are proved for m = in |D03j. For the general case, see [K12J. 



1, k > 1, 

log(e + r), k = 1. 



Lemma 7.3. Let k > 1 and m G N. Taen u>e have 

£ |r 5 L [o](t,x)| <* K (t + |x|) ^ ||(y) 1/2 ^ 1/2A ( S ,y)r 5 5 ( S ,y)|| irLK >, (7.10) 

|<5|<m |<5|<m 



and 



(t + N^iog^fe + l^l) £ |r 5 Lob](t,x)|< 

V ^ |<5|<m 

<* K (t + |x|) £ [|(y) 1/2 w r i,,e(a 5 y)r's(8,y)[|L r £» (7.n) 

|5|<m 

/or any (t,x) G [0,T) x M 2 . 

Lemma 7.4. Let < a < 3/2, k>1, /z>0, 0<t/<1 and m G N. Taen, /or any 
(t,s) G [0,T) x R 2 , one has 

£ |r^Lob](i,x)|< 

\5\<m 

< Wa (t,x)*, +1 (t + \x\) £ IK^^^ + li/D^rV^yJIUr^, (7.12) 

|<5|<m+l 

£ |r 5 aL [ o ](t,x)| < 

|<5|<m 

<«;i_„(i,x)log(e + * + |x|) Yl \\(y) 1/2 W hl (s, y )T s g( S ,y)\\ LrL ~. (7.13) 

|<5|<m+l 
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7.3. The local energy decay estimates. We come back to the linear problem (j2.6|) . Let X a (T) 
be the set of all (uo,ui,f) G X(T) such that 

uq(x) = u\(x) = for \x\ > a, (7-14) 

f(t,x) = Oior\x\>a,te[0,T). (7.15) 

The following local energy decay will be used in the proof of the pointwise estimate. 

Lemma 7.5. Assume that O is convex. Let a, b > 1, 7 G (0,1] and m G N. If 5 = (ito,ux,f) G 
X a (T), then for any t G [0, T) one has 

E (ty\\d a s[E}(t)\\ LHnb) < 

\a\<m 

£ ||uo||ip»(n) + +log(e + i) E || (s) 7 (a a /)(s,y)|| L oo i 2 i . (7.16) 

|«|<m— 1 

Proof. For a,b > 1, it is known that there exists a positive constant C = C(a, b) such that 
(\d t K[$ ](t,x)\ 2 + \V x K[$ }(^x)\ 2 +\K[$ }(t,x)\ 2 )dx< 



< W" 2 (ll^o||^ ( n) + Il0illi 2 (n)) (7-17) 

for any </>o = (</>Os0i) G H 2 (£l) x fT^O) satisfying 0o(^) = </>i(aO = for |x| > a and satisfying 
also the compatibility condition of order 0, that is to say, d u cpo(x) = for x G <9f2 (see for instance 
Lemma 2.1 of [SS03] : see also Morawetz |M75| and Vainberg |V75j ). 

Now let (uo,ui,f) G X a (T) with some a > 1. Let Uj for j > 2 be defined as in Definition 12. 11 
Then, by Duhamel's principle, it follows that 

diS[(u , Ul J)](t,x) 

= K[( Uj ,u j+1 )](t,x)+ [ K[(0,(4f)(s))](t-s,x)ds (7.18) 

Jo 

for any nonnegative integer j G N* and any (t, x) G [0, T) x fi. Observe that (itj, itj+i, 0) satisfies 
the compatibility condition of order 0, because (uQ,ui,f) G X(T) implies d v Uj = on <9f2; the 
compatibility condition of order is also trivially satisfied for (0, (dif)(s),0) for all s > 0. 
Therefore, by (|7.17p we have 

E \\d a K{ Uj ,u j+1 ](t)\\ L 2 inb) < (ty 1 (\\uj\\ H i {n) + ||u i+ i|| L 2 (c) ) 

\a\<l 

< <t> _1 (INII^+i ( n) + IMI^(n) + E H(^/)(°)lb(fi)) 

fc=0 

and 

E rii«°^[(o.(^/)W)](*-*)Mn 1 )*' < ["(t-sr'widifMh^ds 

^ Jo Jo 



\a\<l 



< 



(tPMe + t) sup (sy\\(dif)(s)\\ LHQ) 



0<s<t 
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for any 7 € (0, 1]. In conclusion for any j G N*, we have 
Y \\d a dtS[(u , Ul ,f)](t)\\ L2{nb) < 

\a\<l 

<(tr 1 {\\uo\\H^(n) + \\MH H n)+i2 lo ^ e + ^ SU P <*> 7 ll(#/)WIU'(n))- (7-19) 

k=o 

In order to evaluate <9 a S[H] for 2 < \a\ < m, we have only to combine (|7.19j) with a variant of 

423D: 

IMk"*(fw < \\&x<p\\H™-2(a bl ) + IMItf™-i(fv)> ( 7 - 20 ) 

where 1 < 6 < 6' and </? G H m (£l) with to > 2; we can easily obtain (|7.20p from (|2.4p by cutting 
off </9 for |x| > 6'. 

In order to complete the proof, one has to apply this inequality recalling the equation A5[H] = 
d$S\E] — f. Invoking (|7.19p . we finally get the basic estimate (|7.17f) . □ 

7.4. Proof of Theorem l2.ll The following lemma is the main tool for the proof of Theorem l2.U 

Lemma 7.6. Let O be a convex set. Let a, b > \, < p < 1, m G N* and k>1. 

(i) Suppose that x is a smooth function on R 2 satisfying supp xCBj. If H = (no, u%,f) G X a (T), 

then 

(ty Y \r s ( x s[E})(t,x)\< 

\6\<m 

< ||«o||frm+3(n) + ||«i||fr«H-i(n) + log(e + t) Y ||(s} p ^/(*»l/)IU»r«(n ) (7.21) 

\/3\<m+l 

for (t, x) G [0, T) x Ti. 



(ii) Let g G C°°([0, T) x M 2 ) suc/i t/ia* supp g(t, ■) C B a \ B x for any t G [0, T). Then 

Y \r 5 L [g](t,x)\< Y W(s) 1/2 dPg(s,y)\\ LrL ™ { n a) , (7.22) 

|<5|<m |/3|<"i 

and for any < i] < p we have 

w;l r] (t,x)Y\ rSdL ol9](t,x)\<* v+1 (t + \x\) Y, \\^) P d P 9(s,y)\\ LrL oo (aa) . (7.23) 

|<5|<m \/3\<m+l 
for (t, x) G [0, T) x Tt. 

(iii) Let (u ,ui,y) G C°°(M 2 ) x C°°(M 2 ) x C°°([0,T) x M 2 ). J/u = «i = g(t,-) = /or any x G Bj 
and t G [0, T), t/ien 

(t) 1 / 2 Y |r%N,^i,5](t,x)| < 

|/3|<m 

< ^3/ 2> mN^i] + + W) IKy) 1/2 Ty liK ( s ,y)r^( s ,y)|| LrLOO(n) (7.24) 

|/3]<m 

/or (t,x) G [0,T) xH k . 
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Proof. First we note that for any smooth function h : [0, T) x f2 — > R such that supp h(t, ■) C Br 
for any t G [0, T) and suitable i? > 1, it holds that 

E l r ^(M)|< E I^MI- (7-25) 

\P\<m \P\<m 

Clearly the same estimate holds for h : [0, T) x R 2 — > R. 

We start with the proof of flTjUp . Let E G X a (T) and < p < 1. For (i,x) G [0, T) x ft, 
combining (|7.25[) with the standard Sobolev inequality and then applying the local energy decay 
CHID, we get 

(ty E \^( x s[E])(t,x)\<(ty e w&mmvw 

\P\<m |/3|<m+2 

< ||uo ||ifm+2(n) + ll«l ||flw+i(0) +log(e + t) E || <S> P ^/(s, 2/) || ^oo^a . 

|/3|<m+l 

Since aupp/(t,-) C ft a implies ||^/(s)|| X 2 (n) < ||^/(a)|U- ( n a ), we obtain ([721]). 

Next we prove (|7.22p by the aid of the decay estimates for the linear Cauchy problem. By 
(I7.10p for some k > 1, we find 

E \T 5 L [g](t,x)\< E \\(y) 1/2 W 1/2 , K (s,y)r s g(s,y)\\ LrL ~. 

\S\<m |<5|<m 



Using the assumption supp g(t, •) C B a \ B\ C £l a , we gain (|7.22p . 

Similarly, if we use (|7.12p (with a being replaced by p — rj and p by 77), instead of (|7.10p . then 
we get ([733]) . 

Finally we prove fT24"]) by using (fTSjl and ([731]) ■ It follows that 

(t + |x|) 1 / 2 log(e + |±^|) E l^5b[tfc,rf(t,x)|< 

|/3|<m 

<H 3 / 2)m N + *^ + N) E ll(y) 1/2 ^i,«(s,y)r^(^2/)lkr^ 

|/3|<m 

for (i, x) G [0, T) x R 2 . Observe that the logarithmic term on the left-hand side is equivalent to a 
constant when x G fif>. Thus we get (j7.24p . because our assumption ensures that support of data 
and supp g(t, •) are contained in ft. This completes the proof. □ 

Now we are in a position to prove Theorem 12.11 

Proof of Theorem \2.1[ According to Lemma 17. II with a = 1, we can write 

4 

S[E)(t,x) =^(x)So[^S](i,x) + X;S i [S](i,s) (7-26) 

i=l 

for (t,x) G [0,T) x 0, where ip a is defined by (j7.2p and S^H] for 1 < i < 4 are defined by 
()7,4p - (j7,7p with a = 1. It is easy to check that 

[■0o, - A]fc(t, x) = h(t, x)Aip a (x) + 2V,; h(t, x) • V,; Va(x) (7.27) 
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for (t, x) 6 [0, T) x f2, a > 1 and any smooth function h. Note that this identity implies 

(0,0,[Va,-A]h) eX a+1 {T) (7.28) 



because supp V^^a U supp Atp a C B a+ i \ B a . 

First we prove (|2.8|) . Applying (|7.8|) and (|7.11|) . we have 

v [t lx])J \s\<k 
<% 2)fe [«] + E II (l/> 1/2 W r i,i+A.(*»!/)r*(^2/)(a,!/)lkr'r<» 

|<5|<fc 

<^3/2, fc Po]+ E lll2/l 1/2 Wi,i +M ( s ,?/)r 5 /( s ,2/)lkr^. 



< 



|5|<fc 



so that 



V [t |X|;/ |5|<fc 



< 



<A 3/2jk [u ]+J2 M^W^i+^s^T 6 f{s,y)\\ LTL ~. (7.29) 

\8\<k 

Now we write 

5i[S] = (1 - ^)L[[^,-A]XohMb]] + (1 - V 2 )L[[V'i, -A]L [V 2 /]] =: 51,11s] + 5i, 2 [S]. 

We can apply (j7.21[) to estimate £1,2 [H], because we have L[h] = S[0, 0, h] and supp(l — -02) C B3 
and because (|7.28p guarantees (0,0, [ipi, — AjLolV^/]) G X%. Therefore we get 

(t) 1 / 2 £ |r 5 S li2 [H](t,x)| < log(e + i) E ||( S ) 1/2 ^([Vi,-A]L [V, 2 /])( S ,x)|| LtOOLOO(Q2) 

|<5|<fc |/3|<fc+l 

< log(e + i) £ HW^^Lo^/Ks 

|/3|<fc+2 

where we have used (|7.27p to obtain the second line. Recalling that Lo[h] = So[0, 0, h] and noting 
that if)2f(t,x) = if \x\ < 2, we can use (|7,24p to obtain 

(t) 1 / 2 ^2\T s s 1 , 2 m,x)\<iog(e + t) E lllyl^^i+^^y^/^y)!!^ (7.30) 

\8\<k \0\<k+2 

for (i, x) G [0, T) x H. 
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In order to estimate Sii[S], we combine the Sobolev embedding and the local energy decay 
estimate (|7.16p with 7 = 1. Then we get 

\6\<k 

< \\S[0,0, [ih,-A]Ko[ihtio]Kt, Ollija+^ns) 

< (tr'logie + t) £ \\(s)d 5 [[^,-A}K Q [^ })( S ,y)\\ LrLl 

\6\<k+l 

\/3\<k+2 

Then we use (|7.9|) ; recalling that we are in a bounded y-domain, for any \i > we get 

<t) 1/2 (t+|x|) 1/2 log- 1 ^ + t) 2 l^ipl^x)! < ^ 2+M , 2 +fc[^2«o] < A 2+fi , 2+k [u } (7.31) 

|<5|<fc 

for any (t, x) G [0, T) x H. 

Now we proceed estimating 53 [H]. Because (1 — ip 2 )E G -^3 CO f° r an y S G -^CO, taking 
p = 1 - in CLZU) we get 

W 1/2 E l r ^[2](^)l < (7-32) 

\8\<k 

< ^-^(lluoll^cns) + ll«illir*+i(ns) + log(e + t) £ U^'^fMhr^Sh)) 

\P\<k+i 

for (t, x) G [0, r) x n. 

By using the trivial inequality (s) 1 ^ < |y| 1/2 VFi i:L (s, y) in [0,T) x fi 3 , from (I73D|) . (I7^T|) and 
(|7.32p we can conclude that 

( £ >V2 ^ ir^xts]! + (t) 1 ^ ^ |r^ 3 [H]| < 

|<5|<fc |<5|<fc 
< (t) -(V2)+^ 2+/ii2+jfcN+log(e + t) £ || Ij/I^Wi.i+^Ca, l/)r^/(«, j/) |U ri ~ . (7.33) 

|/3|<2+fc 

Finally we consider the terms S^f^L S4 [S]. Let us set gj[S] = (<9 f 2 — A)5j[S] for j = 2,4. 
Recalling the definition of Lq, we find 

g 2 [E] = -[^,-A]L[[fh,-A]S [rhS\]) 

g 4 [E] = -[^,-A]S[(l-ihM 

Having in mind (|7.27p we can say that g 2 and 54 have the same structures as S± and S3 , but they 
contain one more derivative. Therefore, arguing similarly to the derivation of (|7.33p . we arrive at 

(t)V 2 ^|r^ 2 [-]| + (^/ 2 ^|r^ 4 [ S ]|< 

|<5|<fc |<5|<fc 

<(t)-^ 2 ^A 2+ ^ +k [u ] + log(e + t) £ \\\v\ 1/2 W ltl+ ^8,y)rPf(8,y)\\ LrL ~. (7.34) 

|/3|<3+fc 
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On the other hand, we have Si[E] = Lo[<7i] f° r i = 2,4. Thus, since gi and 34 are supported on 
Bi\ B2, we are in a position to apply (|7.22p and we get 

£ (|r 5 s 2 [H]| + |r 5 5 4 [H]|)(t,x)< 



|<5|<fc 



<^,3 +fc [n ] + log( e + t) £ |||y| 1/2 Wi,i +M ( a) y)r' 9 /( a) y)|U r£ g,. (7.35) 

|/3|<3+fe 

Now (J23I) follows from flEZgJ, (|7^3]l and (f?35l . 
Next we prove ()2.10p . Trivially one has 

2 |r*a(^i(a;)5o[^3](t,x))|< 

|<5|<fc 

< ^ |r 5 a5 [V2S](t,x)|+ J] |r*V^i(a:)||r*5o[^H](t,x)|. 

\8\<k \8\<k 

Since in one has \y\ ~ (y), by (|7.9p and (|7.13|) with 77 = 1/2, we see that 

£ ir'asohfesKt,*)! < (t + k|)- 1/2 (i - Mr^+^+iH + 

|<5|<fc 

+u; 1/2 (t,x)io g (e + *+M) E llbl 1/2 ^i,i(*»i/) r */(s,y)IUr^- 

|<5|<fc+l 

On the other hand, by (|7.8|) and (|7.1ip with k = 1, we have 



V ^ \5\<k 



< 



A 3/2>k [u ]+log(e + t+\x\) 2 |||y| 1/2 ^i,i( S ,y)r 5 /(s,2/)lk r ^ 



|5|<fc 

Since the logarithmic term on the left-hand side does not appear when 3; £ (12, we get 

|<5|<fc 

<^2+M-+iPo]+log(e + t + |x|) £ \\\y\ 1/2 W ltl (s,y)T s f(s,y)\\ LrL oo. (7.36) 

|5]<fc+l 

Therefore, c^iSotV^]) has the desired bound. 

Let us recall that \x\ is bounded in suppSi[H](i, •) U suppS < 3[H](t, •). In particular we get 



IV 



1/2 



\{t,x) < {t} 1 / 2 . From (1733]) we deduce 



< 



w-fax) (iT'dS^^x)] + \T 5 dS 3 [E}(t, S 

\5\<k 

<A 2+ ^ 3+k [u ]+log(e + t) \\\y\ 1/2 Wi,i +fl (s,y)TPf(s,y)\\ LrL o°. (7.37) 



|/3|<3+fc 



THE EXTERIOR NEUMANN PROBLEMS OF SEMILINEAR WAVE EQUATIONS IN 2D 



25 



As for 5>4[S], we use a similar estimate to (|7.32p with k replaced by k + 1, that is 

|<5|<fc+l 

< Vw[«o] + log(e + t) Y W\y\ 1/2 W lil+ ^s,y)rPf(s,y)\\ LrL?? . (7.38) 

\/3\<k+3 

Applying (|7.23p with p = 1 — p and rj = p (0 < p < 1/4) , we find that 

\S\<k 

<A 2+fl ,k+4[uo] + log(e + t) Y \\\y\ 1/2 Wi,i + ^(s, y)VPf(s, y)\\ L? >L S - (7.39) 

|/3|<fc+3 

For treating 52 [H], we decompose g 2 [S] into 52,1 [S] and #2,2 P] as was done for evaluating Sj.[S]. 
Then £o[<72,i] can be estimated as 54 [H]. On the other hand, using (|7.23|) with p = 1/2 and rj = 
for £o[<72,2]j we arrive at 

J2w-l 2 (t,x)\T s dS 2 [S\\(t,x)< 

\6\<k 

<A 2+flA+k [u ]+log 2 (e + t+\x\) W\y\ 1/2 W hl+ll (s,y)rPf(s,y)\\ LrL ~. (7.40) 

|/3|<4+fc 

Thus we obtain ^UU\i from dT3S|) . fT37|> . (IT^j) . and (17^01) . 

In order to show (j2.9|) . we remark that Wi/ 2 < W(\/ 2 )- n so that in ()7.36p we can replace W\i 2 
with Moreover, (|7.37p and (|7.38p hold with p = if we replace log(e + i) by log 2 (e + t), 

thanks to (|7.24p with k = 1. Therefore, the application of (|7.23p with p = 1/2 and < 77 < 1/2 
leads to (|7,39p with replaced by wZ, 2 ^_^ and p = in the second term of the right-hand 
side. Hence we get (|2.9|) . 

Finally, we prove (pTTj) . We put 7/ = 77/2. By (JTSD and (f7T3|) . we see that 

^ |r <5 9 i (Vi^)5o[^ 2 H](t,x))|< ^ |r^5o[^S](t,x)|< 

|<5|<fc+l |5|<fc+l 
< (t + |X|)" 1/2 (t - |x|)- 1/2 ^ 2+ M+2N + 

+«? w (t,x)log(e + t + |x|) ^ |||y| 1/2 ^i,i(s,y)r <5 /(s,y)||L r >L ff . 

|<5|<fc+2 

Therefore, (^(t/^So^S]) has the desired bound because Wi-rf < Wi-^. 

Combining this estimate with (|7,2ip . we obtain the estimate for 5i[H]. Indeed, for < 77 < 1 
we have 

{t) i-v' £ |r^5 1 [H](t,x)|<log(e + t) Y ||^) W ^([^,-A]5o^2H])( S , y )|| irLOO(f72) . 

|<5|<fc+l \/3\<k+ 2 

Recalling (|7.27p . we can use the estimate of dt(ipiSo[ip2^\) adding two derivatives. In conclusion, 
we have 

<t>w £ |r^5 1 [s](t,x)|<e M)fe+4 (t) 

|5|<fe+l 
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for (t, x) G [0, T) x Q, where 

9p,m{t) :=^2+ M , m [^o]+log 2 (e + t) II |2/| 1/2 Wi,i(*, y)r 5 f(s, y)\\ L ?L%- 

\8\<m 

Since we have (1 — ^2)^ G -X^T) for any E G X(T), by using ()7.2ip with p = 1 — 7/ we have 

(t) w ^ |r^5 3 [H](t,x)|<e M , fe+3 (t). 

|5|<fc+l 

In order to treat S%\£\ and £4 [3], we set <?j[3] = (9f — A)£j[E] for j = 2, 4 as before. Going 
similar lines to the estimates for Si [2] and S3 [3], with a derivative more, we can reach at 

<i)W £ |r 5 % 2 [H]| + (t} 1 -"' 2 \r s d m [E]\<e^ k+5 (t). 

\6\<k+l \8\<k+l 



Let us recall that $2 and 54 are supported on B4 \ B2 and dtSi[E] = Lo[d t gi] for i = 2,4. We are 
in a position to apply (|7.23p (with p = 1 — rf, and 77 replaced by 77') and obtain 

^r->^)E E |r 5 ^[H](t,*)| < Yl W^' d p d tgi {s,y)\\L T L^) <e M , fc+5 (t). 

|5|<fci=2,4 i=2,4 |<5|<fc+l 

The proof of Theorem 12.11 is complete. □ 

Remark 7.1. The main difference between the Dirichlet and the Neumann boundary cases is 
in the logarithmic loss in the local energy decay estimate (|7,16p . Due to this term, comparing 
our result with the one in |K12j . we see that the estimates for S^fS] and S±\2\ are worse in the 
Neumann case. 

Appendix: A local existence theorem of smooth solutions 

Here we sketch a proof of the following local existence theorem for the semilinear case (for the 
general case, see jSN89| ). We underline that the convexity assumption for the obstacle is not 
necessary for the local existence result. 

Theorem A.l. Let O be a bounded obstacle with C°° boundary and Q = M 2 \ O. For any (f), 
tp E C^°(f2) satisfying the compatibility condition of infinite order and 

HWhhv + UWhHu) < R, (A.l) 

there exists a positive constant T = T(R) such that the mixed problem (jl.ip admits a unique 
solution u G C°°([0,T) x TV). Here T is a constant depending only on R. 

For nonnegative integer s, we put 

s 

Yf:=f)ci([0,T];H s ~i(n)), 

j=0 

and 

s 

\\h\\ Yf :=J2 SU P WMt,')\\ B .- i(a) . 
Let Vj for j > be given as in Definition II. 11 First we show the following result. 
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Lemma A.l. Let m > 2. Suppose that (4>, ip) G H m+2 (Vt) x H m+1 (Q) satisfies the compatibility 
condition of order m + 1, that is to say, d u Vj\gQ = for j G {0, 1, . . . ,m + 1}, and 

IMI#-+2(fi) + ||^||H-+i(n) < Af. (A.2) 

there exists a positive constant T = T(m, M) such that the mixed problem (jl.ip admits a 
unique solution u G Y™^ 2 . T is a constant depending only on m and M . 

Proof. To begin with, we note that the Sobolev embedding theorem implies 

E n^fooiUff < E ii^Mv)iiz-< E h^mmh^ (a.3) 

|/3|<[(m+l)/2]+l |/3|<[(m+l)/2]+3 |/3|<m+2 

for m>2. 

We show the existence of u by constructing an approximate sequence |?/ n )} C Y™ +2 , and 
proving its convergence for suitably small T > 0. Throughout this proof, Cm denotes a positive 
constant depending on M, but being independent of T. In order to keep the compatibility 
condition, we need to choose an appropriate function for the first step: for a moment, we suppose 
that we can choose a function vS ' G Y™ +2 satisfying (c^n ( - - ) )(0, x) = Vj for all j G {0, 1, . . . , m + 
2}. For n > 1 we inductively define as 

= S[(j),iP,G(du ( - n -^)}. (A.4) 

We have to check that is well defined. Let := (j), := rp, and uj™^ := Avj"^ 2 + 
ar 2 (G(au("- 1 ))| t=0 for j > 2. Suppose that u^ 1 ) G K^ +2 with (Sgu^XO) = Vj for < j < 

(n) 

m + 2. Then we can see that Vj = Vj for < j < m + 2, and consequently the compatibility 
condition of order m + 1 is satisfied for the equation of u^ n \ Since {AJ| implies G(du^ n -^) G 
, the linear theory (see |I68j ) shows that G Y™ +2 . Therefore, by induction with respect 
to n, we see that {ii (n) } C Y™ +2 is well defined, and that (d/u (n) )(0) = vf ] = vj for < j < m+2 
and n > 0. 

Now we are going to explain how to construct u^°\ We can show that Vj G LL mJr2 ~ 3 (Q) for 
< j < m + 2 by its definition and ()A.3j) . By the well-known extension theorem, there is 
V,- G H m+2 -J(R 2 ) such that ^-| n = Vj and ||V^ ||ifm+2- J(M 2) < \\vj\\ H m+2-j^ n y Let (o H )o<fc,/< m +2 
be the inverse matrix of (i k (l + l) k )o<k,i<m+2, where i = We put 

m+2 

V(t, = E exp«A; + 1) (0 *)a«F,(0 <0"' , 

fc,/=0 

where V; is the Fourier transform of V/. We set u^°\t) = V(t)\Q with the inverse Fourier transform 
V(t) of V(t). Now we can show that u^°\t) has the desired property, and ||u(°)||ym+2 < Cm (see 
[SN89j where this kind of function is used to reduce the problem to the case of zero-data). 



The assumption on initial data here is just for simplicity, and we can prove the same result for initial data with 
compatibility condition of order m in fact. 
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Now we are in a position to show that converges to a local solution of (jl.ip on [0, T] with 
appropriately chosen T. For simplicity of description, we put 

m+2-k 

W)U= E HW*)llff*<n) 

j=0 

for < k < m + 2. Note that we have ||/i|| y m+2 < sup tg [ 0j T] Y^k=o IM*)|fc- We also set G n (t,x) = 
G(du( n \t, ar)) for n > 0. Combining the elementary inequality 

\\h(t)\\Ll<\\K0)\\Ll+ f \\(dth)(r)\\ Ll dr 

J 

with the standard energy inequality for d\v!^ with < j < m + 1, we get 

m+l rt 



(t)|o + l« (n) (t)|i < (1 + T) ( Cm + C E / o IK^G^OWII^ir 

Writing 



3=0 



A#V n )(t,x) = 8%dPuW - (d^G n -x)(0,x) - / {d t d^G n -x)(T,x)di 

Jo 

for a multi-index /3 and using the elliptic estimate, given in Lemma \2.2[ we have 



+ |tiW(t)|*_i + CM+ E f \WG n ^){r)\\ Ll dr 

\a\<k— 1 , 



|«W(t)| fc <C||«Wtt)| A ._o 

*] 

for 2 < A; < m + 2. By induction we get control of |||u^(i)|||fc for < k < m + 2, and obtain 

m+2 



fc=0 

It follows from (EOl) that 



£l« Cn) (*)|b<(l+T) [Cfc + C E riK^n-iKTjH^dT-] . (A.5) 

\ |a|<m+l ° / 



E IK^G^O^H^^CHn^- 1 )!!^, 0<r<T, (A.6) 

|a|<m+l 

and (IA31) implies ||u( n )|| y m +2 < (1 + T) fcW + CT\\u (n -^ || ym+2 ) for n > 1. From this, if 
we take appropriate constants Nm and Tm which can be determined by M, we can show that 
\\u^ ||v m + 2 — Nm for all n > 0, provided that T < Tm- In the same manner, we can also show 
that there is some T' M (< Tm) such that 

_ u (n)|| < i|| u (n) _ u (n-l)|| 

r T 2 r 

for all n > 1, provided that T < T' M . Now we see that if T < T' M , then {«(")} is a Cauchy 
sequence in Y™ +2 , and there is it G Y^ +2 such that lim^^oo \\u^ — u\\ Y m+2 = 0. It is not 
difficult to see that this u is the desired solution to (jl.ip . 

Uniqueness can be easily obtained by the energy inequality. □ 

Theorem IA.1I is a corollary of Lemma I A. 11 
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Proof of Theorem \A.1\ The assumption on the initial data guarantees that for each m > 3, there 
is a positive constant M m such that ||0||ffm+a(jj) + Il'0ll/r wi + 1 (f2) — M m . Hence, by Lemma TA.ll 
there is T m = T(m, M m ) > such that (jl.ip admits a unique solution u G Y^P +2 . Note that we 
may take T 3 = T(3, R). We put 



C := ||ii|| y 3+2. (A. 7) 

T 3 



Our aim is to prove that (jl.ip admits a solution u G flm>3 ^rb +2 - Then the Sobolev embedding 
theorem implies that u G C°° f[0,T3] x fi), which is the desired result. For this purpose, we are 
going to prove the following a priori estimate: for each m > 3, if u G Y™ +2 is a solution to (jl.ip 
with some T G (0, T3], then there is a positive constant C m , which is independent of T, such that 

Hi) || y m +2 < C m . (A.8) 

Once we obtain this estimate, by applying Lemma [A. II repeatedly, we can see that u G K^ +2 for 
each m > 3, which concludes the proof of Theorem IA.1I 

Now we show (|A.8p by induction. For m = 3 ()A.8p follows immediately from (|A.7p . Suppose 
that we have ()A.8p for some m = I > 3. If we put 

h(*)i*= E ii^m*)ii^(o), 

then, similarly to (|A.5p . we obtain 



1+3 I f . t 

J2\Ht)\lk<(l+T3)[C + C \\(d a (G(d 

k=0 \ |a|<«+2^° 



< T )))\\ L l dT 



Since |(m + l)/2] + 3 < m + 1 for m > 4, we have 

E II^,-)I|l-<C E \\dPh(t,-)\\ Ll , m>4, (A.9) 

|^|<[(m+l)/2]+l |/9|<m+l 

in place of ()A.3p . Combining this estimate for m = I + 1 with the inductive assumption, we get 

E ll^(G(9n(r)))|| L , < CCf EK T )I*. 

|a|<Z+2 ' fc=0 

which yields 

/+3 / rt 1+3 \ 

E < (1 + T 3 ) C + CQ 2 / E l«(r)| fc dr . 

fc=0 V J ° k=0 J 

Now the Gronwall Lemma implies £fct=o IK*)III* < C(l + T 3 ) exp(CCf (1 + r 3 )r 3 ) =: Q+i for 
< t < T(< T 3 ), which implies ||it||yi+3 < C7+1 for < T < T 3 . This completes the proof of 

cop . ' □ 
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